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A PROBABILISTIC APPROACH TO INTERIOR
REGULARITY OF FULLY NONLINEAR DEGENERATE
ELLIPTIC EQUATIONS IN SMOOTH DOMAINS
WEI ZHOU
Abstract. We consider the value function of a stochastic optimal con-
trol of degenerate diffusion processes in a domain D. We study the
smoothness of the value function, under the assumption of the non-
degeneracy of the diffusion term along the normal to the boundary and
an interior condition weaker than the non-degeneracy of the diffusion
term. When the diffusion term, drift term, discount factor, running pay-
off and terminal payoff are all in the class of C1,1(D¯), the value function
turns out to be the unique solution in the class of C1,1loc (D) ∩ C
0,1(D¯)
to the associated degenerate Bellman equation with Dirichlet boundary
data. Our approach is probabilistic.
1. Introduction
We consider the Dirichlet problem for the Bellman equation
(1.1)
{
sup
α∈A
[
Lαv(x)− c(α, x)v(x) + f(α, x)] = 0 in D
v = g on ∂D,
where Lαv(x) := aij(α, x)vxixj(x) + b
i(α, x)vxi(x), and summation conven-
tion of repeated indices is understood. On the one hand, it is known that
under appropriate conditions the Dirichlet problem for the fully nonlinear
convex elliptic equation
(1.2)
{
F
(
vxixj(x), vxi(x), v(x), x
)
= 0 in D
v = g on ∂D
can be rewritten as a Bellman equation in the form of (1.1). On the other
hand, under suitable regularity assumptions on a, b, c, f, g and D, the Bell-
man equation (1.1) is satisfied by the value function
(1.3) v(x) = sup
α∈A
vα(x),
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where
(1.4) vα(x) = E
[
g
(
xα,xτα,x
)
e−φ
α,x
τα,x +
∫ τα,x
0
fαs
(
xα,xs
)
e−φ
α,x
s ds
]
,
with φα,xt =
∫ t
0
cαs(xα,xs )ds,
in a control problem associated with the family of Itoˆ equations
(1.5) xα,xt = x+
∫ t
0
σαs(xα,xs )dws +
∫ t
0
bαs(xα,xs )ds,
where τα,x is the first exit time of xα,xt from D.
However, in general, v defined by (1.3) is not sufficiently smooth, or even
continuous, so v in (1.3) is known as a probabilistic solution to (1.1). We are
interested in understanding under what conditions, v given by (1.3) is twice
differentiable and is the unique solution of (1.1) in an appropriate sense.
The main difficulties in dealing with this problem are the fully nonlinearity,
the degeneracy of the operator, the infiniteness of the time horizon and the
non-vanishing boundary condition.
The results stated and proved here are closely related to those obtained by
M. V. Safonov [10] (1977), [11] (1978); P.-L. Lions [9] (1983) and N. V. Krylov
[6] (1989). In [10] and [11], the domain D is two-dimensional, and the ar-
guments are based on the fact that the controlled processes are in a plane
region. In [9], the regularity results are proved by a combination of proba-
bilistic and PDE arguments, which heavily rely on the assumption that the
discount coefficient cα(x) is sufficiently large to bound first derivatives of
σα(x) and bα(x). In [6], the boundary data g is assumed to be of class C4,
and under certain assumptions, it is proved that v has second derivatives
bounded up to the boundary. The results are obtained in a purely probabilis-
tic approach by introducing and using quasiderivatives and a reduction of
controlled processes in a domain to controlled processes on a surface without
boundary in the space having four more dimensions.
In this article, under a more general setting, we give sufficient conditions
under which the first and second derivatives of v given by (1.3) exist almost
everywhere in D, which implies the existence and uniqueness for the associ-
ated Dirichlet problem (1.1). Moreover, since we assume that the boundary
data g ∈ Ck−1,1(D¯) when we investigate the existence of the k-th order
derivatives of v, where k = 1, 2, the derivatives of v, if they do exist (a.e.),
may not be bounded up to the boundary. Therefore, we also estimate the
first and second derivatives.
The main result is stated in Section 2, and the proof is given in Section
3. Our approach is probabilistic by using quasiderivatives. However, to deal
with the boundary, instead of adding four more dimensions, we construct two
families of local supermartingales to bound the moments of quasiderivatives
near the boundary and in the interior of the domain, respectively. For the
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background and motivations of quasiderivative method, we refer to [8, 12]
and the references therein.
To conclude this section, we introduce the notation: For k = 1, 2, let
Ck(D¯) be the space of k-times continuously differentiable functions in D¯
with finite norm given by
|g|1,D = |g|0,D + |gx|0,D, |g|2,D = |g|1,D + |gxx|0,D,
respectively, where
|g|0,D = sup
x∈D
|g(x)|,
gx is the gradient vector of g, and gxx is the Hessian matrix of g. For
β ∈ (0, 1], the Ho¨lder spaces Ck,β(D¯) are defined as the subspaces of Ck(D¯)
consisting of functions with finite norm
|g|k,β,D = |g|k,D + [g]β,D, with [g]β,D = sup
x,y∈D
|g(x) − g(y)|
|x− y|β .
R
d is the d-dimensional Euclidean space with x = (x1, x2, ..., xd) representing
a typical point in Rd, and (x, y) =
∑d
i=1 x
iyi is the inner product for x, y ∈
R
d. For x, y, z ∈ Rd, set
u(y) =
d∑
i=1
uxiy
i, u(y)(z) =
d∑
i,j=1
uxixjy
izj,
u2(y) = (u(y))
2.
For any matrix σ = (σij),
‖σ‖2 := trσσ∗ =
∑
i,j
(σij)2.
We also use the notation
s ∧ t = min(s, t), s ∨ t = max(s, t).
Constants K,M and N appearing in inequalities are usually not indexed.
They may differ even in the same chain of inequalities.
2. Main results
Assume that (Ω,F , P ) is a complete probability space and {Ft; t ≥ 0} an
increasing filtration of σ-algebras Ft ⊂ F which are complete with respect to
F , P . Let (wt,Ft; t ≥ 0) be a d1-dimensional Wiener process on (Ω,F , P ).
Let A be a separable metric space. Suppose that the following have been
defined for each α ∈ A and x ∈ Rd: a d× d1 matrix σα(x), a d-dimensional
vector bα(x) and real scalars cα(x) ≥ 0 and fα(x). We assume that σ, b,
c and f are Borel measurable on A × Rd, and g(x) is a Borel measurable
function on Rd. We also assume that σα , bα, cα and their first and second
derivatives are all continuous in x uniformly with respect to α.
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Let D ∈ C4 be a bounded domain in Rd, then there exists a function
ψ ∈ C4 satisfying
ψ > 0 in D, ψ = 0 and |ψx| ≥ 1 on ∂D.
Additionally, we assume that
sup
α∈A
Lαψ ≤ −1 in D,
with
Lα := (aα)ij(x)
∂2
∂xi∂xj
+ (bα)i(x)
∂
∂xi
,
where a = 1/2(σσ∗). We also assume that
(2.1) |(σα)ij |2,D + |(bα)i|2,D + |cα|2,D + |ψ|4,D ≤ K0,
∀α ∈ A, 1 ≤ i ≤ d, 1 ≤ j ≤ d1,
with K0 ∈ [1,∞), not depending on α.
By A, we denote the set of all functions αr(ω) on Ω × [0,∞) which are
Fr-adapted and measurable in (ω, r) with values in A.
For α ∈ A and x ∈ D, we consider the Itoˆ equation
(2.2) xα,xt = x+
∫ t
0
σαs(xα,xs )dws +
∫ t
0
bαs(xα,xs )ds.
The solution of this equation is known to exist and to be unique by our
assumptions on σα and bα.
Let τα,x be the first exit time of xα,xt from D:
τα,x = inf{t ≥ 0 : xα,xt /∈ D}.
For any t ≥ 0, we define
φα,xt =
∫ t
0
cαs(xα,xs )ds.
Set
(2.3) v(x) = sup
α∈A
vα(x),
with
(2.4) vα(x) = Eαx
[
g
(
xτ
)
e−φτ +
∫ τ
0
fαs
(
xs
)
e−φsds
]
,
where we use common abbreviated notation, according to which we put the
indices α and x beside the expectation sign instead of explicitly exhibiting
them inside the expectation sign for every object that can carry all or part
of them. Namely,
Eαx
[
g
(
xτ
)
e−φτ +
∫ τ
0
fαs
(
xs
)
e−φsds
]
= E
[
g
(
xα,xτα,x
)
e−φ
α,x
τα,x +
∫ τα,x
0
fαs
(
xα,xs
)
e−φ
α,x
s ds
]
.
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The value function v(x) given by (2.3) and (2.4) is the probabilistic solu-
tion of the Dirichlet problem for the Bellman equation:
(2.5)
{
sup
α∈A
[
Lαv − cαv + fα] = 0 in D
v = g on ∂D.
Define
(2.6) µ(x, ξ) := inf
ζ:(ξ,ζ)=1
sup
α∈A
aij(α, x)ζ iζj,
(2.7) µ(x) := inf
|ζ|=1
sup
α∈A
aij(α, x)ζ iζj.
The condition µ(x, ξ) > 0 means that v(ξ)(ξ)(x) is actually “present” in
the Bellman equation in (2.5). More precisely, for any fixed x ∈ D and
ξ ∈ Rd \{0}, µ(x, ξ) > 0 if and only if there exists a control α ∈ A such that
the corresponding diffusion matrix aα(x) is non-degenerate in the direction
ξ. For example, consider the linear equation
(2.8) ux1x1 + 2ux1x2 + ux2x2 = 0.
By (2.6), here
µ(x, ξ) = inf
(ξ,ζ)=1
(ζ1 + ζ2)2.
µ(x, ξ) > 0 if and only if ξ ‖ ξ0 = (1, 1). So only u(ξ0)(ξ0) is “present” in
(2.8). In fact, the equation (2.8) can be rewritten as
u(ξ0)(ξ0) = 0,
so that no other second-order derivatives is actually “present” in the equa-
tion, even though ux1x1 and ux2x2 exist explicitly in (2.8).
Also, it is not hard to see that
µ(x) = inf
|ξ|=1
µ(x, ξ).
Note that we have µ(x) > 0 at a point x if and only if for any ξ 6= 0, there
exists a control α ∈ A, such that the corresponding diffusion term aα(x) is
non-degenerate in the direct of ξ.
Let B be the set of all skew-symmetric d1×d1 matrices. For any positive
constant λ, define
Dλ = {x ∈ D : ψ(x) > λ}.
Assumption 2.1. (uniform non-degeneracy along the normal to the bound-
ary) There exists a positive constant δ0, such that
(2.9) (aαn, n) ≥ δ0 on ∂D,∀α ∈ A,
where n is the unit normal vector.
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Assumption 2.2. (interior condition to control the moments of quasideriva-
tives, weaker than the non-degeneracy) There exist a function ρα(x) : A ×
D → Rd, bounded on every set in the form of A×Dλ for all λ > 0, a func-
tion Qα(x, y) : A×D×Rd → B, bounded with respect to (α, x) on every set
in the form of A×Dλ for all λ > 0, y ∈ Rd and linear in y, and a function
Mα(x) : A × D → R, bounded on every set in the form of A × Dλ for all
λ > 0, such that for any α ∈ A, x ∈ D and |y| = 1,
(2.10)
∥∥σα(y)(x) + (ρα(x), y)σα(x) + σα(x)Qα(x, y)∥∥2+
2
(
y, bα(y)(x) + 2(ρ
α(x), y)bα(x)
) ≤ cα(x) +Mα(x)(aα(x)y, y).
Our main result is the following:
Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 hold.
(1) If for any α ∈ A, fα, g ∈ C0,1(D¯), satisfying
sup
α∈A
|fα|0,1,D + |g|0,1,D ≤ K0,
then v ∈ C0,1(D), and for any ξ ∈ Rd,
(2.11)
∣∣v(ξ)(x)∣∣ ≤ N
(
|ξ|+ |ψ(ξ)|
ψ
1
2
)
, a.e. in D,
where the constant N depends only on d, d1 and K0.
(2) If for any α ∈ A, fα ∈ C0,1(D¯), g ∈ C1,1(D¯), satisfying
sup
α∈A
|fα|0,1,D + |g|1,1,D ≤ K0,
and fα +K0|x|2 is convex, then for any ξ ∈ Rd,
(2.12) v(ξ)(ξ)(x) ≥ −N
(
|ξ|2 +
ψ2(ξ)
ψ
)
, a.e. in D,
(2.13) v(ξ)(ξ)(x) ≤ µ(x, ξ/|ξ|)−1N
|ξ|2
ψ
, a.e. in D(ξ),
where D(ξ) := {x ∈ D : µ(x, ξ) > 0}, and the constant N depends
only on d, d1 and K0.
(3) If µ(x) > 0 in D, then v ∈ C1,1loc (D). In addition, v given by (2.4) is
the unique solution in C1,1loc (D) ∩ C0,1(D¯) of
(2.14)
{
sup
α∈A
[
Lαv(x)− c(α, x)v(x) + f(α, x)] = 0 a.e. in D
v = g on ∂D.
We emphasize that the constants N in (2.11), (2.12) and (2.13) are inde-
pendent of ρα, Qα and Mα in (2.10).
Remark 2.1. The author doesn’t know whether the estimates (2.11), (2.12)
and (2.13) are sharp.
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Remark 2.2. Refer to Remark 3.2 in [12] to see why Assumption 2.2 is nec-
essary under Assupmtion 2.1 and how to take advantage of the parameters
ρα, Qα and Mα in (2.10).
3. Auxiliary Convergence Results
Let U be a connected open subset in Rd. Assume that, for any α ∈ A, ω ∈
Ω, t ≥ 0, and x ∈ U , we are given a d×d1 matrix καt (x) and a d-dimensional
vector ναt (x). We assume that κ
α
t and ν
α
t are continuous in x for any α, ω, t,
measurable in (ω, t) for any α, x, and Ft-measurable in ω for any α, t, x.
Assume that for any α ∈ A, the Itoˆ equation
(3.1) dζα,ζt = κ
α
t (ζ
α,ζ
t )dwt + ν
α
t (ζ
α,ζ
t )dt
has a unique solution.
We suppose that for an ǫ0 ∈ (0, 1] and for each ǫ ∈ [0, ǫ0], we are given
καt (ǫ) = κ
α
t (x, ǫ), ν
α
t (ǫ) = ν
α
t (x, ǫ)
having the same meaning and satisfying the same assumptions as those of
καt and ν
α
t . Assume that for any α ∈ A, the Itoˆ equation (3.1) corresponding
to καt (ǫ) and ν
α
t (ǫ) with initial condition ζ(ǫ) ∈ U
(3.2) dζ
α,ζ(ǫ)
t (ǫ) = κ
α
t (ζ
α,ζ(ǫ)
t (ǫ), ǫ)dwt + ν
α
t (ζ
α,ζ(ǫ)
t (ǫ), ǫ)dt
has a unique solution denoted by ζ
α,ζ(ǫ)
t (ǫ).
Lemma 3.1. Let q ∈ [2,∞), θ ∈ (0, 1), M ∈ [0,∞) be constants and Mαt
be a Ft-adapted nonnegative process for any α ∈ A.
(1) If for any α ∈ A, t ≥ 0, x ∈ U ,
(3.3) ‖καt (x)‖+ |ναt (x)| ≤M |x|+Mαt ,
then for any bounded stopping times γα ≤ τα,ζU , ∀α
(3.4)
sup
α∈A
Eαζ sup
t≤γ
e−Nt|ζt|q
≤ |ζ|q + (2q − 1) sup
α∈A
Eα
∫ γ
0
M qt e
−Ntdt,
(3.5)
sup
α∈A
Eαζ sup
t≤γ
e−Nt|ζt|qθ
≤ 2− θ
1− θ
(
|ζ|qθ + (2q − 1)θ sup
α∈A
Eα
( ∫ γ
0
M qt e
−Ntdt
)θ)
,
where N = N(q,M) is a sufficiently large constant.
(2) If for any α ∈ A, t ≥ 0, x ∈ U , and some ǫ ∈ [0, ǫ0],
(3.6) ‖καt (x)− καt (y, ǫ)‖+ |ναt (x)− ναt (y, ǫ)| ≤M |x− y|+ ǫMαt ,
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then for any bounded stopping times γα ≤ τα,ζU ∧ τα,ζ(ǫ)U (ǫ), ∀α
(3.7)
sup
α∈A
E sup
t≤γα
e−Nt|ζα,ζ(ǫ)t (ǫ)− ζα,ζt |q
≤ |ζ(ǫ)− ζ|q + ǫq(2q − 1) sup
α∈A
Eα
∫ γ
0
M qt e
−Ntdt,
(3.8)
sup
α∈A
E sup
t≤γα
e−Nt|ζα,ζ(ǫ)t (ǫ)− ζα,ζt |qθ
≤ 2− θ
1− θ
(
|ζ(ǫ)− ζ|qθ + ǫqθ(2q − 1)θ sup
α∈A
Eα
( ∫ γ
0
M qt e
−Ntdt
)θ)
,
where N = N(q,M) is a sufficiently large constant.
Remark 3.1. Observe that qθ covers (0,∞).
Proof. It suffices to prove the uncontrolled version of (3.4), (3.5), (3.7) and
(3.8), so we drop the index α in what follows for simplicity of notation. We
also abbreviate ζα,ζt to ζt and ζ
α,ζ(ǫ)
t (ǫ) to ζt(ǫ).
Also, choosing a localizing sequence of stopping times γn ↑ ∞ such that∫ t∧γn
0 M
q
s e−Nsds are bounded for every n, we see, in view of the Monotone
Convergence Theorem, that it will suffice to consider the case in which∫ t
0 M
q
s e−Nsds are bounded with respect to (ω, t).
By Itoˆ’s formula, we have
de−Nt|ζt|q =e−Nt
[
q|ζt|q−2(ζt, νt(ζt)) + q
2
|ζt|q−2‖κt(ζt)‖2
+
q(q − 2)
2
|ζt|q−4|κ∗t (ζt)ζt|2 −N |ζt|q
]
dt+ dmt,
where mt is a local martingale starting from zero. From (3.3) we have,
(3.9) ‖κt(ζt)‖+ |νt(ζt)| ≤M |ζt|+Mt.
By Young’s inequality
q|ζt|q−2(ζt, νt(ζt)) ≤ (qM + q − 1)|ζt|q +M qt
q
2
|ζt|q−2‖κt(ζt)‖2 ≤ q|ζt|q−2(M2|ζt|2 +M2t ) ≤ (qM2 + q − 2)|ζt|q + 2M qt
q(q − 2)
2
|ζt|q−4|κ∗t (ζt)ζt|2 ≤ (q − 2)
[
(qM2 + q − 2)|ζt|q + 2M qt
]
So for sufficiently large constant N = N(q,M), we have
e−Nt|ζt|q ≤ |ζ|q + (2q − 1)
∫ t
0
M qt e
−Ntdt.
which implies that
E sup
t≤γ
e−Nt|ζt|q ≤ |ζ|q + (2q − 1)E
∫ γ
0
M qt e
−Ntdt.
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Due to Lemma 7.3(ii) in [7], we conclude that
E sup
t≤γ
e−Nt|ζt|qθ ≤2− θ
1− θE
(
|ζ|q + (2q − 1)
∫ γ
0
M qt e
−Ntdt
)θ
≤2− θ
1− θ
(
|ζ|qθ + (2q − 1)θE
( ∫ γ
0
M qt e
−Ntdt
)θ)
.
Similarly, by Itoˆ’s formula,
d
(
e−Nt|ζt(ǫ)− ζt|q
)
=e−Nt
[
q|ζt(ǫ)− ζt|q−2
(
ζt(ǫ)− ζt, νt(ζt(ǫ), ǫ) − νt(ζt)
)
+
q
2
|ζt(ǫ)− ζt|q−2‖κt(ζt(ǫ), ǫ)− κt(ζt)‖2
+
q(q − 2)
2
|ζt(ǫ)− ζt|q−4
∣∣∣(κ∗t (ζt(ǫ), ǫ) − κ∗t (ζt))(ζt(ǫ)− ζt)∣∣∣2
−N |ζt(ǫ)− ζt|q
]
dt+ dmt,
where mt is a local martingale starting at zero. By (3.6), we have
‖κt(ζt(ǫ), ǫ)− κt(ζt)‖+ |νt(ζt(ǫ), ǫ)− νt(ζt)| ≤M |ζt(ǫ)− ζt|+ ǫMt,
which can play the same role as (3.9). So (3.7) and (3.8) can be proved by
mimicking the argument for proving (3.4) and (3.5).

Next, we introduce the quasiderivatives to be used in the proof of the main
theorem and apply Lemmas 3.1 to estimate moments of these quasideriva-
tives.
For any α ∈ A, let rαt , rˆαt , παt , πˆαt , Pαt , Pˆαt be jointly measurable adapted
processes with values in R, R, Rd1 , Rd1 , Skew(d1,R), Skew(d1,R), respec-
tively, where Skew(d1,R) denotes the set of all d1 × d1 skew-symmetric real
matrices. Let ǫ be a small positive constant. For each α ∈ A, x, y, z ∈ D,
ξ, η ∈ Rd, we consider the Itoˆ equation (2.2) and the following four other
Itoˆ equations:
dyα,yt (ǫ) =
√
1 + 2ǫrαt σ
αt(yα,yt (ǫ))e
ǫPαt dwt
(3.10)
+
[
(1 + 2ǫrαt )b
αt(yα,yt (ǫ)) −
√
1 + 2ǫrαt σ
αt(yα,yt (ǫ))e
ǫPαt ǫπαt
]
dt,
dzα,zt (ǫ) =
√
1 + 2ǫrαt + ǫ
2rˆαt σ
αt(zα,zt (ǫ))e
ǫPαt e
ǫ2
2
Pˆαt dwt
(3.11)
+
[
(1 + 2ǫrαt + ǫ
2rˆαt )b
αt(zα,zt (ǫ))
−
√
1 + 2ǫrαt + ǫ
2rˆαt σ
αt(zα,zt (ǫ))e
ǫPαt e
ǫ2
2
Pˆαt (ǫπαt +
ǫ2
2
πˆαt )
]
dt,
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dξα,ξt =
[
σαt
(ξα,ξt )
+ rαt σ
αt + σαtPαt
]
dwt(3.12)
+
[
bαt
(ξα,ξt )
+ 2rαt b
αt − σαtπαt
]
dt,
dηα,ηt =
[
σαt
(ηα,ηt )
+ rˆαt σ
αt + σαt Pˆαt + σ
αt
(ξα,ξt )(ξ
α,ξ
t )
+ 2rαt σ
αt
(ξα,ξt )
(3.13)
+ 2σαt
(ξα,ξt )
Pαt + 2r
α
t σ
αtPαt − (rαt )2σαt + σαt(Pαt )2
]
dwt
+
[
bαt
(ηα,ηt )
+ 2rˆαt b
αt − σαt πˆαt + bαt(ξα,ξt )(ξα,ξt ) + 4r
α
t b
αt
(ξα,ξt )
− 2σαt
(ξα,ξt )
παt − 2rαt σαtπαt − 2σαtPαt παt
]
dt,
where σα and bα satisfy (2.1) and we drop the arguments xα,xt in σ
αt and
bαt and their derivatives in (3.12) and (3.13).
Let τ¯α,yD (ǫ) be the first exit time of y
α,y
t (ǫ) from D, and τˆ
α,z
D (ǫ) be the first
exit time of zα,zt (ǫ) from D.
By Theorem 3.2.1 in [8] we know that if
(3.14)
∫ T
0
(|rαt |2 + |παt |2 + |Pαt |2)dt <∞,
∀T ∈ [0,∞),∀α ∈ A,
then (3.10) and (3.12) have unique solutions on [0, τ¯α,yD (ǫ)) and [0, τ
α,x
D ),
respectively.
Similarly, it is shown in Theorem 2.1 in [12] that if
(3.15)
∫ T
0
(|rˆαt |2 + |πˆαt |2 + |Pˆαt |2 + |rαt |4 + |παt |4 + |Pαt |4)dt <∞,
∀T ∈ [0,∞),∀α ∈ A,
then (3.11) and (3.13) have unique solutions on [0, τˆα,zD (ǫ)) and [0, τ
α,x
D ),
respectively.
In (3.10) and (3.11), notice that when ǫ = 0, we have yα,yt (0) and z
α,z
t (0),
which are nothing but xα,yt and x
α,z
t . Therefore, y
α,y
t (ǫ) and z
α,z
t (ǫ) are
perturbations of xα,xt . In Theorems 3.1 and 3.2 we will prove that under
suitable conditions, ξα,ξt and η
α,η
t , given by (3.12) and (3.13), respectively, are
the first derivative of yα,x+ǫξt (ǫ) and the second derivative of z
α,x+ǫξ+ǫ2η/2
t (ǫ)
in some sense (see (3.21) and (3.27)), respectively.
The auxiliary processes rαt and rˆ
α
t come from random time change. The
processes παt and πˆ
α
t are due to Girsanov’s theorem on changing the proba-
bility space, and the processes Pαt and Pˆ
α
t are based on changing the Wiener
process based on Levy’s theorem. As discussed in Section 2 of [12], thanks
to the presence of these auxiliary processes, the quasiderivatives ξα,ξt and
ηα,ηt enjoy certain freedom. It turns out that, heuristically, we can steer the
quasiderivatives so that they are tangent to the boundary when xα,xt hit it.
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As a result, the directional derivatives of v along the quasiderivatives be-
come the derivatives of the boundary data g, and estimating the derivatives
of v is reduced to estimating the moments of the quasiderivatives.
Theorem 3.1. Given constants p ∈ (0,∞), p′ ∈ [0, p), T ∈ [1,∞), x ∈ D,
ξ ∈ Rd. Suppose (3.14) is satisfied. Assume that there exists a constant
K ∈ [1,∞) and for any α ∈ A, an adapted nonnegative process Kαt , such
that
(3.16) |rαt |+ |παt |+ |Pαt | ≤ K|ξα,ξt |+Kαt ,∀α.
(1) Given stopping times γα ≤ τα,xD , α ∈ A, if
(3.17) sup
α∈A
Eα
∫ γ∧T
0
K2∨pt dt <∞,
then we have
(3.18) sup
α∈A
Eαξ sup
t≤γ∧T
|ξt|p <∞.
(2) Let the constant ǫ0 be sufficiently small so that B(x, ǫ0|ξ|) ⊂ D. For
any ǫ ∈ [0, ǫ0], given stopping times γα(ǫ) ≤ τα,xD ∧ τ¯α,x+ǫξD (ǫ), α ∈ A,
if
(3.19) sup
ǫ∈[0,ǫ0]
sup
α∈A
Eα
∫ γ(ǫ)∧T
0
K
2(2∨p)
t dt <∞,
then we have
(3.20) lim
ǫ↓0
sup
α∈A
E sup
t≤γα(ǫ)∧T
|yα,x+ǫξt (ǫ)− xα,xt |p
ǫp′
= 0,
(3.21) lim
ǫ↓0
sup
α∈A
E sup
t≤γα(ǫ)∧T
|y
α,x+ǫξ
t (ǫ)− xα,xt
ǫ
− ξα,ξt |p/2 = 0.
Proof. In the proof, we drop the superscripts α, αt, etc., when this will not
cause confusion.
To prove (1) we consider the Itoˆ equation (3.1) in which ζα,ζt = ξ
α,ξ
t . By
conditions (2.1) and (3.16), we have∥∥σ(ξt) + rtσ + σPt∥∥+ ∣∣b(ξα,ξt ) + 2rtb− σπt∣∣ ≤M |ξt|+Mt,∀α,
where M = N(K,K0),M
α
t = N(K0)K
α
t . Applying Lemma 3.1(1), we have
sup
α∈A
Eαξ sup
t≤γ∧T
|ξt|p ≤
{
eNT (|ξ|p + (2p − 1) supα∈AEα
∫ γ∧T
0 M
p
t dt) if p ≥ 2
eNT 4−p2−p(|ξ|p + 3
p
2 (supα∈A E
α
∫ γ∧T
0 M
2
t dt)
p
2 ) if p < 2.
To prove (2) we first consider the Itoˆ equations (3.1) and (3.2) in which
ζα,ζt = x
α,x
t , ζ
α,ζ(ǫ)
t (ǫ) = y
α,x+ǫξ
t (ǫ).
Notice that
‖κt(y, ǫ)− κt(x)‖ =‖
√
1 + 2ǫrtσ(y)e
ǫPt − σ(x)‖
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≤|√1 + 2ǫrt − 1|‖σ(y)eǫPt‖+ ‖σ(y)‖‖eǫPt − Id1×d1‖
+ ‖σ(y)− σ(x)‖
≤2ǫ|rt|K0 +K0ǫeǫ′Pt +K0|y − x|
≤M |y − x|+ ǫMt,
where ǫ′ ∈ [0, ǫ] is due to Taylor’s theorem with Lagrange remainder. Simi-
larly,
|νt(y, ǫ)− νt(x)| =|(1 + 2ǫrt)b(y)−
√
1 + 2ǫrtσ(y)e
ǫPtǫπt − b(x)|
≤2ǫ|rt|K0 + (1 + ǫ|rt|)K0ǫ|πt|+K0|y − x|
≤M |y − x|+ ǫMt,
where M = K0,M
α
t = N(K,K0)(|ξα,ξt |2 + (Kαt )2 ∨ 1). Applying Lemma
3.1(2), we have
sup
α∈A
E sup
t≤γα(ǫ)∧T
|yα,x+ǫξt (ǫ)− xα,xt |p
≤
{
ǫpeNT (|ξ|p + (2p − 1) supα∈A Eα
∫ γ(ǫ)∧T
0 M
p
t dt) if p ≥ 2
ǫpeNT 4−p2−p(|ξ|p + 3
p
2 (supα∈A E
α
∫ γ(ǫ)∧T
0 M
2
t dt)
p
2 ) if p < 2.
Due to (3.19) and (3.18), we have
sup
[0,ǫ0]
sup
α∈A
Eα
∫ γ(ǫ)∧T
0
M2∨pt dt <∞,
which completes the proof of (3.20).
Next, we first consider the Itoˆ equations (3.1) and (3.2) in which
ζα,ζt = ξ
α,ξ
t , ζ
α,ζ(ǫ)
t (ǫ) = ξ
α,ξ
t (ǫ) :=
yα,x+ǫξt (ǫ)− xα,xt
ǫ
.
Observe that, by mean value theorem
‖σ(yt(ǫ))− σ(xt)
ǫ
− σ(ξt)(xt)‖ =‖σ(ξt(ǫ))(y∗t (ǫ)) − σ(ξt)(xt)‖
=‖σ(ξt(ǫ))(y∗t (ǫ)) − σ(ξt(ǫ))(xt)‖+ ‖σ(ξt(ǫ))(xt)− σ(ξt)(xt)‖
≤|ξt(ǫ)|‖σx(y∗t (ǫ)) − σx(xt)‖I|yt(ǫ)−xt|≤δ
+ |ξt(ǫ)|I|yt(ǫ)−xt|>δ +K0|ξt(ǫ)− ξt|,
|b(yt(ǫ))− b(xt)
ǫ
− b(ξt)(xt)| ≤|ξt(ǫ)|‖bx(y∗t (ǫ))− bx(xt)‖I|yt(ǫ)−xt|≤δ
+ |ξt(ǫ)|I|yt(ǫ)−xt|>δ +K0|ξt(ǫ)− ξt|,
|
√
1 + 2ǫrt − 1
ǫ
− rt| =|rt( 2√
1 + 2ǫrt + 1
− 1)|
=| −2ǫr
2
t
(1 +
√
1 + 2ǫrt)2
| ≤ 2ǫ|rt|2,
‖e
ǫPt − 1
ǫ
− Pt‖ = ǫ
2
‖P 2t eǫ
′Pt‖ ≤ ǫ
2
‖Pt‖2.
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The equation (3.21) can be proved by mimicking the proof of (3.20). 
Theorem 3.2. Given constants p ∈ (0,∞), p′ ∈ [0, p), T ∈ [1,∞), x ∈ D,
ξ ∈ Rd, η ∈ Rd. Suppose (3.15) is satisfied. Assume that there exists a
constant K ∈ [1,∞) and for any α ∈ A, an adapted nonnegative process
Kαt , such that
(3.22) |rˆαt |+|πˆαt |+|Pˆαt |+|rαt |2+|παt |2+|Pαt |2 ≤ K(|ηα,ηt |+|ξα,ξt |2)+Kαt ,∀α.
(1) Given stopping times γα ≤ τα,xD , α ∈ A, if (3.17) holds, then we
have (3.18) and
(3.23) sup
α∈A
Eαη sup
t≤γ∧T
|ηt|p <∞.
(2) Let the constant ǫ0 be sufficiently small so that B(x, ǫ0|ξ|) ⊂ D. For
any ǫ ∈ [0, ǫ0], let
x(ǫ) = x+ ǫξ +
ǫ2
2
η.
If (3.19) holds for given stopping times γα2 (ǫ) satisfying
γα2 (ǫ) ≤ τα,xD ∧ τˆα,x(ǫ)D (ǫ), α ∈ A,
then we have
(3.24) lim
ǫ↓0
sup
α∈A
E sup
t≤γα
2
(ǫ)∧T
|zα,x(ǫ)t (ǫ)− xα,xt |p
ǫp′
= 0,
(3.25) lim
ǫ↓0
sup
α∈A
E sup
t≤γα
2
(−ǫ)∧T
|zα,x(−ǫ)t (−ǫ)− xα,xt |p
ǫp
′
= 0,
(3.26) lim
ǫ↓0
sup
α∈A
E sup
t≤γα
2
(ǫ)∧T
|z
α,x(ǫ)
t (ǫ)− xα,xt
ǫ
− ξα,ξt |p = 0.
If (3.19) holds for given stopping times γα3 (ǫ) satisfying
γα3 (ǫ) ≤ τα,xD ∧ τˆα,x(ǫ)D (ǫ) ∧ τˆα,x(−ǫ)D (−ǫ), α ∈ A,
then we have
(3.27) lim
ǫ↓0
sup
α∈A
E sup
t≤γα
3
(ǫ)∧T
∣∣∣∣z
α,x(ǫ)
t (ǫ)− 2xα,xt + zα,x(−ǫ)t (−ǫ)
ǫ2
− ηα,ηt
∣∣∣∣
p/2
= 0.
Proof. Again, we drop superscripts α, αt, etc., when this will cause no con-
fusion.
The inequality (3.23) can be proved by observing that (3.22) and (3.17)
imply that
sup
α∈A
Eαξ sup
t≤γ∧T
|ξt|2p <∞
and then mimicking the proof of (3.18).
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The equations (3.24) and (3.26) are obtained by repeating the proof of
(3.20) and (3.21). The equation (3.25) is obvious once we get (3.24).
To proof (3.27), we observe that, for example,
σ(zt(ǫ)) − 2σ(xt) + σ(zt(−ǫ))
ǫ2
=
1
ǫ2
[σ(zt(ǫ)−xt)(xt) +
1
2
σ(zt(ǫ)−xt)(zt(ǫ)−xt)(z
∗
t (ǫ))
+ σ(zt(−ǫ)−xt)(xt) +
1
2
σ(zt(−ǫ)−xt)(zt(−ǫ)−xt)(z
∗
t (−ǫ))]
=σ(ηt(ǫ)) +
1
2
[σ(ξt(ǫ))(ξt(ǫ))(z
∗
t (ǫ)) + σ(ξt(−ǫ))(ξt(−ǫ))(z
∗
t (−ǫ))],
where
ηt(ǫ) =
zt(ǫ)− 2xt + zt(−ǫ)
ǫ2
, ξt(ǫ) =
zt(ǫ)− xt
ǫ
,
z∗t (ǫ) is a point on the straight line segment with endpoints xt and zt(ǫ), and
z∗t (−ǫ) is a point on the straight line segment with endpoints xt and zt(−ǫ).
It follows that
‖σ(zt(ǫ))− 2σ(xt) + σ(zt(−ǫ))
ǫ2
− σ(ηt)(xt)− σ(ξt)(ξt)(xt)‖
≤K0|zt(ǫ)− 2xt + zt(−ǫ)
ǫ2
− ηt|
+
1
2
|zt(ǫ)− xt
ǫ
|2
(
‖σxx(z∗t (ǫ))− σxx(xt)‖+ ‖σxx(z∗t (−ǫ))− σxx(xt)‖
)
I|zt(ǫ)−xt|≤δ
+ ‖σ‖2,D|zt(ǫ)− xt
ǫ
|2
(
I|zt(ǫ)−xt|>δ + I|zt(−ǫ)−xt|>δ
)
+K0|zt(ǫ)− xt
ǫ
− ξt|2 +K0|zt(−ǫ)− xt
ǫ
− ξt|2.
It remains to mimic the proof of (3.21). 
We end up this section by showing a convergence result about the stopping
times which will be applied in the next section.
Theorem 3.3. Let δ be a positive constant such that Dδ = {x ∈ D : ψ > δ}
is nonempty, and δ1, δ2 be positive constants satisfying δ1 < δ2. Let D
δ2
δ1
=
{x ∈ D : δ1 < ψ < δ2}. Then for any x ∈ D, if (3.20) holds with
γα(ǫ) = τα,xD ∧ τ¯α,x+ǫξD (ǫ),
for p = 1, p′ = 0 and ∀T ∈ [1,∞), then we have
(3.28) lim
ǫ↓0
sup
α∈A
E(τα,xD − τα,xD ∧ τ¯α,x+ǫξD (ǫ)) = 0.
For any x ∈ D, if (3.24) and (3.25) hold with
γα(ǫ) = τα,xD ∧ τˆα,x(ǫ)D (ǫ) and γα(−ǫ) = τα,xD ∧ τˆα,x(−ǫ)D (−ǫ),
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respectively, for p = 1, p′ = 0 and ∀T ∈ [1,∞), then we have
(3.29) lim
ǫ↓0
sup
α∈A
E(τα,xD − τα,xD ∧ τˆα,x(ǫ)D (ǫ) ∧ τˆα,x(−ǫ)D (ǫ)) = 0.
The statement still holds when replacing D by Dδ or D
δ2
δ1
, provided that δ2
is sufficiently small.
Proof. We drop the subscript D and the argument ǫ for simplicity of nota-
tion. Notice that, for any α ∈ A,
E
(
τα,x − γα) =E ∫ τα,x
γα
1dt
≤− E
∫ τα,x
γα
Lαψ(xα,xt )dt
=− E
(
ψ
(
xα,xτα,x
)− ψ(xα,xγα ))Iγα<τα,x
=Eψ
(
xα,x
τ¯α,x+ǫξ
)
Iτ¯α,x+ǫξ<τα,x
=E
(
ψ
(
xα,x
τ¯α,x+ǫξ
)− ψ(yα,x+ǫξ
τ¯α,x+ǫξ
))
Iτ¯α,x+ǫξ<τα,x
≤E
(
ψ
(
xα,x
τ¯α,x+ǫξ
)− ψ(yα,x+ǫξ
τ¯α,x+ǫξ
))
Iτ¯α,x+ǫξ<τα,x≤T + 2K0P
α
x (τ > T ).
Due to (3.20), we have
lim
ǫ↓0
(
sup
α
E
(
ψ
(
xα,x
τ¯α,x+ǫξ
)− ψ(yα,x+ǫξ
τ¯α,x+ǫξ
))
Iτ¯α,x+ǫξ<τα,x≤T
)
≤ sup
D
|ψx| · lim
ǫ↓0
(
sup
α
E
∣∣∣xα,xτ¯α,x+ǫξ − yα,x+ǫξτ¯α,x+ǫξ
∣∣∣Iτ¯α,x+ǫξ<τα,x≤T)
=0.
Also, notice that for any α ∈ A, T ∈ [1,∞),
Pαx (τ > T ) ≤
1
T
Eαx τ ≤
1
T
Eαx
∫ τ
0
(
−Lαψ(xt)
)
dt =
1
T
(
ψ(x)−ψ(xα,xτα,x)
)
≤ K0
T
.
It turns out that
lim
ǫ↓0
sup
α∈A
E(τα,xD − τα,xD ∧ τ¯α,x+ǫξD (ǫ)) ≤
2K20
T
→ 0, as T ↑ ∞.
To prove (3.29), we just need to notice that for any stopping times τ, γ1, γ2
τ − τ ∧ γ1 ∧ γ2 = (τ − τ ∧ γ1)Iγ1<γ2 + (τ − τ ∧ γ2)Iγ1≥γ2 .
By noticing that
ψ − δ = 0 on ∂Dδ , ψ − δ > 0, sup
α∈A
Lα(ψ − δ) = sup
α∈A
Lαψ ≤ −1 in Dδ,
we see that the statement is true in the subdomain Dδ.
Similarly, notice that
(ψ − δ1)(δ2 − ψ) = 0 on ∂Dδ2δ1 , (ψ − δ1)(δ2 − ψ) > 0 in D
δ2
δ1
,
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Lα((ψ − δ1)(δ2 − ψ)) =(δ1 + δ2 − 2ψ)Lαψ − 2(aαψx, ψx)
≤(δ1 + δ2)|Lαψ| − 2|ψ∗xσα|2 in Dδ2δ1 ,∀α ∈ A.
On ∂D it holds that ψx = |ψx|n, where n(x) is the unit inward normal
vector at x ∈ ∂D. So due to Assumption 2.1 and the compactness of ∂D,
|ψ∗xσα|2 = 2|ψx|2(aαn, n) ≥ 2|ψx|2δ0 ≥ 2δ′0 on ∂D,
where δ′0 is a positive constant. By continuity
|ψ∗xσα|2 ≥ δ′0 in Dδ2δ1 ,
if δ1 and δ2 are sufficiently small. It turns out that
sup
α∈A
Lα
(ψ − δ1)(δ2 − ψ)
δ′0
≤ −1,
when δ1 and δ2 are sufficiently small. So the statement is still true in the
subdomain Dδ2δ1 when δ1, δ2 are sufficiently small.

4. Proof of Theorem 2.1
Before proving the main theorem, we state two remarks and one lemma.
Remarks 4.1 and 4.2 are about two reductions of the problem, and Lemma
4.1 will be used when estimating the second derivatives. They are nonlinear
counterparts of Remarks 3.3 and 3.4 and Lemma 3.2 in [12], and there is no
essential change when extending them from linear case to nonlinear case.
Remark 4.1. Without loss of generality, we may assume that cα ≥ 1,∀α ∈
A, and replace inequality (2.10) by
(4.1)
∥∥σα(y)(x) + (ρα(x), y)σα(x) + σα(x)Qα(x, y)∥∥2+
2
(
y, bα(y)(x) + 2(ρ
α(x), y)bα(x)
) ≤ cα(x)− 1 +Mα(x)(aα(x)y, y).
Remark 4.2. Without loss of generality, we may assume that v ∈ C1(D¯)
and fα, g ∈ C1(D¯) when investigating first derivatives of v, and v ∈ C2(D¯)
and fα, g ∈ C2(D¯) when investigating second derivatives of v.
Lemma 4.1. If fα, g ∈ C2(D¯), and v ∈ C1(D¯), then for any y ∈ ∂D we
have
(4.2) |v(n)(y)| ≤ K(|g|2,D + sup
α∈A
|fα|0,D),
where n is the unit inward normal on ∂D and the constant K depends only
on K0.
Let δ and λ be constants satisfying 0 < δ < λ2 < λ < 1 and that the
three sets defined below are nonempty:
Dδ := {x ∈ D : δ < ψ(x)}
Dλδ := {x ∈ D : δ < ψ(x) < λ}
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Dλ2 := {x ∈ D : λ2 < ψ(x)}
For each α ∈ A, we use the same quasiderivatives ξα,ξt , ηα,ηt and barrier
functions B1(x, ξ),B2(x, ξ) constructed in [12]. See Remark 3.5 in [12] for
the motivation of B1(x, ξ) and B2(x, ξ).
Their properties are collected in the following two lemmas.
Lemma 4.2. In Dλδ , introduce
ϕ(x) = λ2 + ψ(1 − 1
4λ
ψ), B1(x, ξ) =
[
λ+
√
ψ(1 +
√
ψ)
]|ξ|2 +K1ϕ 32 ψ2(ξ)
ψ
,
where K1 ∈ [1,∞) is a constant only depending on K0.
For each α, we define the first and second quasiderivatives by (3.12) and
(3.13), in which
r(x, ξ) := ρ(x, ξ) +
ψ(ξ)
ψ
, rt := r(xt, ξt),
with ρ(x, ξ) := − 1
Υ
d1∑
k=1
ψ(σk)(ψ(σk))(ξ), Υ :=
d1∑
k=1
ψ2(σk);
rˆ(x, ξ) :=
ψ2(ξ)
ψ2
, rˆt := rˆ(xt, ξt);
πk(x, ξ) :=
2ψ(σk)ψ(ξ)
ϕψ
, k = 1, ..., d1, πt := π(xt, ξt);
P ik(x, ξ) :=
1
Υ
[
ψ(σk)(ψ(σi))(ξ) − ψ(σi)(ψ(σk))(ξ)
]
, i, k = 1, ..., d1, Pt := P (xt, ξt);
πˆkt = Pˆ
ik
t = 0, ∀i, k = 1, ...d1,∀t ∈ [0,∞).
where we drop the superscript α or αt without confusion. Then (3.18),
(3.20), (3.21), (3.23), (3.24), (3.25), (3.26) and (3.27) all hold for any
constants p ∈ (0,∞), p′ ∈ [0, p), T ∈ [1,∞), x ∈ Dλδ , ξ, η ∈ Rd and stopping
times
γα ≤ τα,x
Dλ
δ
, γα(ǫ) ≤ τα,x
Dλ
δ
∧ τ¯α,x+ǫξ
Dλ
δ
(ǫ), γα2 (ǫ) ≤ τα,xDλ
δ
∧ τˆα,x(ǫ)
Dλ
δ
(ǫ),
γα3 (ǫ) ≤ τα,xDλ
δ
∧ τˆα,x(ǫ)
Dλ
δ
(ǫ) ∧ τˆα,x(−ǫ)
Dλ
δ
(−ǫ),
where x(ǫ) = x+ ǫξ + ǫ
2
2 η.
When λ is sufficiently small, for x ∈ Dλδ , ξ ∈ Rd and η = 0, we have
(1) For each α ∈ A, B1(xα,xt , ξα,ξt ) and
√
B1(x
α,x
t , ξ
α,ξ
t ) are local super-
martingales on [0, τ δ1 ], where τ
δ
1 = τ
α,x
Dλ
δ
;
(2) sup
α∈A
Eαx,ξ
∫ τδ
1
0
|ξt|2 +
ψ2(ξt)
ψ2
dt ≤ NB1(x, ξ);
(3) sup
α∈A
Eαξ sup
t≤τδ
1
|ξt|2 ≤ NB1(x, ξ);
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(4) sup
α∈A
Eα0 |ητδ
1
| ≤ sup
α∈A
Eα0 sup
t≤τδ
1
|ηt| ≤ NB1(x, ξ);
(5) sup
α∈A
Eα0
( ∫ τδ
1
0
|ηt|2dt
) 1
2 ≤ NB1(x, ξ);
where N is a constant depending on K0 and ǫ.
Proof. Notice that supα∈A |Υα|0,Dλ
δ
is bounded from below by a positive
constant due to Assumption 2.1, so conditions (3.16) and (3.22) hold with
Kαt = 0.
The properties (1)-(5) are nothing but Lemma 3.3 in [12] because the
constant N there doesn’t depend on α. 
Lemma 4.3. In Dλ2 , introduce
B2(x, ξ) = λ
3
4 |ξ|2.
For each α ∈ A, we define the first and second quasiderivatives by (3.12)
and (3.13), in which
r(x, y) := (ρ(x), y), rt := r(xt, ξt), rˆt := r(xt, ηt),
π(x, y) :=
M(x)
2
σ∗(x)y, πt := π(xt, ξt), πˆt := π(xt, ηt),
P (x, y) := Q(x, y), Pt := P (xt, ξt), Pˆt := P (xt, ηt).
where ρ(x), M(x) and Q(x, y) are defined in the statement of the main
theorem and satisfy the inequality (2.10), and again, we drop the superscript
α or αt without confusion. Then (3.18), (3.20), (3.21), (3.23), (3.24),
(3.25), (3.26) and (3.27) all hold for any constants p ∈ (0,∞), p′ ∈ [0, p),
T ∈ [1,∞), x ∈ Dλδ , ξ, ζ ∈ Rd and stopping times
γα ≤ τα,xD
λ2
, γα(ǫ) ≤ τα,xD
λ2
∧ τ¯α,x+λξD
λ2
, γα2 (ǫ) ≤ τα,xD
λ2
∧ τˆα,x+ǫξ+
ǫ2
2
η
D
λ2
(ǫ),
γα3 (ǫ) ≤ τα,xDλ2 ∧ τˆ
α,x+ǫξ+ ǫ
2
2
η
Dλ2
(ǫ) ∧ τˆα,x−ǫξ+
ǫ2
2
η
Dλ2
(−ǫ),
where x(ǫ) = x+ ǫξ + ǫ
2
2 η.
Furthermore, for x ∈ Dλ2 , ξ ∈ Rd and η = 0, we have
(1) e−φ
α,x
t B2(x
α,x
t , ξ
α,ξ
t ) and
√
e−φ
α,x
t B2(x
α,x
t , ξ
α,ξ
t ) are local supermartin-
gales on [0, τ2), where τ2 = τ
α,x
D
ǫ2
.
(2) sup
α∈A
Eαx,ξ
∫ τ2
0
e−φt |ξt|2dt ≤ NB2(x, ξ)
(3) sup
α∈A
Eαx,ξ sup
t≤τ2
e−φt |ξt|2 ≤ NB2(x, ξ)
(4) sup
α∈A
Eαx,0e
−φτ2 |ητ2 | ≤ sup
α∈A
Eαx,0 sup
t≤τ2
e−φt |ηt| ≤ NB2(x, ξ)
(5) sup
α∈A
Eαx,0
( ∫ τ2
0
e−2φt |ηt|2dt
) 1
2 ≤ NB2(x, ξ)
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(6) The above inequalities are still all true if we replace φα,xt by φ
α,x
t − 12 t.
More precisely, we have
sup
α∈A
Eαx,ξ
∫ τ2
0
e−φt+
1
2
t|ξt|2dt ≤ NB2(x, ξ), sup
α∈A
Eαξ,0 sup
t≤τ2
e−φt+
1
2
t|ξt|2 ≤ NB2(x, ξ)
sup
α∈A
Eαx,0
(∫ τ2
0
e−2φt+t|ηt|2dt
) 1
2 ≤ NB2(x, ξ), sup
α∈A
Eαx,0 sup
t≤τ2
e−φt+
1
2
t|ηt| ≤ NB2(x, ξ)
where N is constant depending on K0 and λ.
Proof. The same as the proof of Lemma 4.2. 
We split the proof of Theorem 2.1 into three parts. Note that in the proof,
for simplicity of notation, we may drop the superscripts such as α when it
will cause no confusion.
Proof of (2.11). First, we fix an x ∈ Dλδ and a ξ ∈ Rd \ {0}. Choose ǫ0 > 0
sufficiently small, so that B(x, ǫ0|ξ|) := {y : |y − x| ≤ ǫ0|ξ|} ⊂ Dλδ . For any
ǫ ∈ (0, ǫ0), by Bellman’s principle (Theorem 1.1 in [1], in which Q is defined
by D × [−1, T + 1], where T is an arbitrary positive constant), we have,
v(x+ ǫξ)− v(x)
ǫ
=
1
ǫ
{
sup
α∈A
Eαx+ǫξ
[
v(xγ)e
−φγ +
∫ γ
0
fαs(xs)e
−φsds
]
− sup
α∈A
Eαx
[
v(xγ)e
−φγ +
∫ γ
0
fαs(xs)e
−φsds
]}
,
where the stopping time γα ≤ τα,x+ǫξ
Dλδ
∧ τα,x
Dλδ
∧ T .
By Theorem 2.1 in [3] and Lemmas 2.1 and 2.2 in [4],
sup
α∈A
Eαx+ǫξ
[
v(xγ)e
−φγ +
∫ γ
0
fαs(xs)e
−φsds
]
= sup
α∈A
Eαx+ǫξ
[
v(yγ(ǫ))pγ(ǫ)e
−φγ(ǫ) +
∫ γ
0
(1 + 2ǫrs)f
αs(ys(ǫ))ps(ǫ)e
−φs(ǫ)ds
]
,
in which yα,yt (ǫ) is the solution to the Itoˆ equation (3.10),
φα,yt (ǫ) :=
∫ t
0
(1 + 2ǫrαs )c
αs(yα,ys (ǫ))ds,
(4.3) pαt (ǫ) := exp
(∫ t
0
ǫπαs dws −
1
2
∫ t
0
|ǫπαs |2ds
)
.
with α ∈ A, rαs , παs , Pαs defined in Lemma 4.2, and γα ≤ τ¯α,x+ǫξDλδ ∧ τ
α,x
Dλδ
∧ T .
Let
qαt (ǫ) =
∫ t
0
(1 + 2ǫrαs )f
αs(ys(ǫ))ps(ǫ)e
−φs(ǫ)ds,
y¯α,yt (ǫ) = (y
α,y
t (ǫ),−φαt (ǫ), pαt (ǫ), qαt (ǫ)),
x¯α,xt = (x
α,x
t ,−φαt (0), pαt (0), qαt (0)).
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For any x¯ = (x, xd+1, xd+2, xd+3) ∈ D × R− × R+ × R, introduce
(4.4) V (x¯) = v(x) exp(xd+1)xd+2 + xd+3.
Then we have
v(x+ ǫξ)− v(x)
ǫ
=
1
ǫ
(
sup
α∈A
Eαx+ǫξV (y¯γ(ǫ)) − sup
α∈A
EαxV (x¯γ)
)
,
in which we let
γ = γα(ǫ, n, T ) = τ¯α,x+ǫξ
Dλ
δ
∧ τα,x
Dλ
δ
∧ καn ∧ T,
where
καn = inf{t ≥ 0 : |ξα,ξt | ≥ n}.
Since the difference of two supremums is less than the supremum of the
differences, and the supremum of a sum is less than the sum of the supre-
mums, we have
v(x+ ǫξ)− v(x)
ǫ
≤ sup
α∈A
E
V (y¯α,x+ǫξγα (ǫ)) − V (x¯α,xγα )
ǫ
≤ sup
α∈A
E
V (y¯α,x+ǫξγα (ǫ)) − V (x¯α,xγα )
ǫ
− V
(ξ¯α,ξ
γα
)
(x¯α,xγα ) + sup
α∈A
EV
(ξ¯α,ξ
γα
)
(x¯α,xγα )
:=I1(ǫ, n, T ) + I2(ǫ, n, T ),
where
(4.5) ξ¯α,ξt = (ξ
α,ξ
t , ξ
d+1,α
t , ξ
d+2,α
t , ξ
d+3,α
t ),
with
ξd+1,αt := −
∫ t
0
[
cαs
(ξα,ξs )
(xα,xs ) + 2r
α
s c
αs(xα,xs )
]
ds,
ξd+2,αt := ξ
0,α
t =
∫ t
0
παs dws,
ξd+3,αt :=
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,ξs )
(xα,xs ) +
(
2rαs + ξ
d+1,α
s + ξ
d+2,α
s
)
fαs(xα,xs )
]
ds.
We claim that
(4.6) lim
ǫ↓0
I1(ǫ, n, T ) = 0.
To show it, bearing in mind that for any hα(x) ∈ C1(D¯δ), whose derivatives
are uniformly continuous in α, we have, for any x, y ∈ Dδ and ξ ∈ Rd, r ∈ Rd
and n ∈ N,
|(1 + 2ǫr)h
α(y)− hα(x)
ǫ
− hα(ξ)(x)− 2rhα(x)|
(4.7)
=|hα
( y−x
ǫ
)
(y∗)− hα(ξ)(x) + 2r(hα(y)− hα(x))|
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≤|(hαx (y∗)− hαx(x),
y − x
ǫ
)|+ |(hαx (x),
y − x
ǫ
− ξ)|+ 2K0(ǫr2 + |y − x|
2
ǫ
),
where y∗ is a point on the line segment with ending points x and y.
First, by Theorem 3.1, for any contants p and p′ satisfying 0 ≤ p′ < p <
∞, we have
(4.8) sup
α∈A
Eαξ sup
t≤γ
|ξt|p <∞,
(4.9) lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|yx+ǫξt (ǫ)− xxt |p
ǫp′
= 0,
(4.10) lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|y
x+ǫξ
t (ǫ)− xxt
ǫ
− ξξt |p = 0.
Second, apply (4.7) to cα(x) we get
(4.11) lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|φt(0) − φt(ǫ)
ǫ
− ξd+1t |p = 0.
Third, we notice that
pt(ǫ)− pt(0)
ǫ
=
pt(ǫ)− 1
ǫ
=
∫ t
0
ps(ǫ)πsdws.
Recall that γα ≤ καn ∧ T . It follows that
Eα sup
t≤γ
|pt(ǫ)− 1
ǫ
− ξd+2t |p ≤N(p)Eα
(∫ γ
0
(pt(ǫ)− 1)2|πt|2dt
)p/2
≤ǫpN(p)Eα
(
sup
t≤γ
∣∣∣pt(ǫ)− 1
ǫ
∣∣∣2p + ∫ γ
0
|πt|2pdt
)
≤ǫpN(p)Eα
( ∫ γ
0
p2pt (ǫ)|πt|2pdt+
∫ γ
0
|πt|2pdt
)
.
Hence
(4.12) lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|pt(ǫ)− pt(0)
ǫ
− ξd+2t |p = 0.
Fourth, bearing in mind that
|f(ǫ)g(ǫ)− fg
ǫ
− f ′g − fg′|
≤|f(ǫ)− f
ǫ
− f ′||g(ǫ)| + |g(ǫ) − g
ǫ
− g′||f |+ |f ′||g(ǫ) − g|
≤|f(ǫ)− f
ǫ
− f ′||g(ǫ)| + |g(ǫ) − g
ǫ
− g′||f |+ ǫ(|f ′|2 + |g(ǫ) − g|
2
ǫ2
).
Therefore, to prove
(4.13) lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|qt(ǫ)− qt(0)
ǫ
− ξd+3t |p = 0,
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it suffices to show that
lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|(1 + 2ǫrt)f
αt(yt(ǫ))− fαt(xt)
ǫ
− fαt(ξt)(xt)− 2rtf
αt(xt)|p = 0,
lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
|e
−φt(ǫ) − e−φt(0)
ǫ
+ ξd+1t e
−φt(0)|p = 0.
The first equation is true due to (4.7) with hα = fα. The second one is true
by a similar argument.
Finally, observe that for any x¯ = (x, xd+1, 1, xd+3), y¯ = (y, yd+1, yd+2, yd+3),
ξ¯ = (ξ, ξd+1, ξd+2, ξd+3) ∈ D ×R− × R+ × R, we have
V (y¯)− V (x¯)
ǫ
− V(ξ¯)(x¯) =
v(y)ey
d+1
yd+2 − v(x)exd+1
ǫ
+
yd+3 − xd+3
ǫ
− exd+1 [v(ξ)(x) + v(x)(ξd+1 + ξd+2)]− ξd+3.
It is not hard to see (4.6) is true with (4.10), (4.11), (4.12) and (4.13) in
hand.
To estimate I2(ǫ, n, T ), we notice that V(ξ¯α,ξt )
(x¯α,xt ) is exactly X
α
t defined
by (2.9) in [12], in which u is replaced by v. More precisely,
V
(ξ¯α,ξt )
(x¯α,xt ) = X
α
t :=e
−φα,xt
[
v
(ξα,ξt )
(xα,xt ) + ξ˜
0,α
t v(x
α,x
t )
]
+
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,ξs )
(xα,xs ) +
(
2rαs + ξ˜
0,α
s
)
fαs(xα,xs )
]
ds,
where
ξ˜0,αt = ξ
0,α
t + ξ
d+1,α
t .
It follows that
I2(ǫ, n, T ) = sup
α∈A
EαXγ ≤ sup
α∈A
Ee−φ
α,x
γα v
(ξα,ξ
γα
)
(xα,xγα )+sup
α∈A
E
(
Xαγα−e−φ
α,x
γα v
(ξα,ξ
γα
)
(xα,xγα )
)
.
We first notice that as in the proof of (3.4) in [12], for each α,
E sup
t≤τα,x
Dλ
δ
(
Xαt − e−φ
α,x
t v
(ξα,ξt )
(xα,xt )
)
=E sup
t≤τα,x
Dλ
δ
{
e−φ
α,x
t ξ˜0,αt v(x
α,x
t ) +
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,ξs )
(xα,xs ) +
(
2rαs + ξ˜
0,α
s
)
fαs(xα,xs )
]
ds
}
≤(|g|0,D + |fα|0,D)
(
E sup
t≤τα,x
Dλ
δ
|ξ0,αt |+E sup
t≤τα,x
Dλ
δ
|ξd+1,αt |
)
+ |fα|1,D
(
E
∫ τα,x
Dλ
δ
0
|ξα,ξs |+ 2rαs ds+ E sup
t≤τα,x
Dλ
δ
|ξ0,αt |+ E sup
t≤τα,x
Dλ
δ
|ξd+1,αt |
)
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Repeat the estimates (3.19)-(3.21) in [12], we have
E sup
t≤τα,x
Dλ
δ
(
Xαt − e−φ
α,x
t v
(ξα,ξt )
(xα,xt )
)
≤ N
√
B1(x, ξ)
where N is independent of α. So
I2(ǫ, n, T ) ≤ sup
α∈A
Ee−φ
α,x
γα v
(ξα,ξ
γα
)
(xα,xγα ) +N
√
B1(x, ξ).
We next notice that
sup
α∈A
Ev
(ξα,ξ
γα
)
(xα,xγα ) = sup
α∈A
E
v
(ξα,ξ
γα
)
(xα,xγα )√
B1(x
α,x
γα , ξ
α,ξ
γα )
·
√
B1(x
α,x
γα , ξ
α,ξ
γα )
≤ sup
α∈A
E
( v
(ξα,ξ
γα
)
(xα,xγα )√
B1(x
α,x
γα , ξ
α,ξ
γα )
−
v
(ξα,ξ
γα
)
(xα,x
τα,x
Dλ
δ
)
√
B1(x
α,x
τα,x
Dλ
δ
, ξα,ξγα )
)
·
√
B1(x
α,x
γα , ξ
α,ξ
γα )
+ sup
α∈A
E
v
(ξα,ξ
γα
)
(xα,x
τα,x
Dλ
δ
)
√
B1(x
α,x
τα,x
Dλ
δ
, ξα,ξγα )
·
√
B1(x
α,x
γα , ξ
α,ξ
γα )
:=J1(ǫ, n, T ) + J2(ǫ, n, T ).
Notice that
v(ξ)(x)√
B1(x, ξ)
=
v(ξ/|ξ|)(x)√
B1(x, ξ/|ξ|)
is a continuous function from Dλδ × S1 to R, where S1 is the unit sphere
in Rd. By Weierstrass Approximation Theorem, there exists a polynomial
W (x, ξ) : Dλδ × S1 → R, such that
sup
x∈Dλδ ,ξ∈S1
| v(ξ)(x)√
B1(x, ξ)
−W (x, ξ)| ≤ 1.
It follows that
J1(ǫ, n, T ) ≤ sup
α∈A
E|W (xα,xγα , ξα,ξγα )−W (xα,xτα,x
Dλ
δ
, ξα,ξγα )|
√
B1(x
α,x
γα , ξ
α,ξ
γα )
+ 2 sup
α∈A
E
√
B1(x
α,x
γα , ξ
α,ξ
γα )
≤N sup
α∈A
E|xα,xγα − xα,xτα,x
Dλ
δ
|
√
B1(x
α,x
γα , ξ
α,ξ
γα ) + 2
√
B1(x, ξ)
≤N
√
B1(x, ξ) sup
α∈A
E|xα,xγα − xα,xτα,x
Dλ
δ
|2 + supα∈A EB1(x
α,x
γα , ξ
α,ξ
γα )√
B1(x, ξ)
+ 2
√
B1(x, ξ)
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≤N
√
B1(x, ξ)E|xα,xγα − xα,xτα,x
Dλ
δ
|2 + 3
√
B1(x, ξ)
≤N
√
B1(x, ξ)
(
E|τα,x
Dλ
δ
− τα,x
Dλ
δ
∧ τα,x+ǫξ
Dλ
δ
|+ E|τα,x
Dλ
δ
− τα,x
Dλ
δ
∧ T |
+ |τα,x
Dλ
δ
− τα,x
Dλ
δ
∧ καn|
)
+ 3
√
B1(x, ξ).
Thus
lim
T↑∞
lim
n↑∞
lim
ǫ↓0
J1(ǫ, n, T ) ≤ 3
√
B1(x, ξ).
Also, notice that
J2(ǫ, n, T ) ≤ sup
y∈∂Dλ
δ
,ζ∈Rd\{0}
v(ζ)(y)√
B1(y, ζ)
sup
α∈A
E
√
B1(x
α,x
γα , ξ
α,ξ
γα )
≤ sup
y∈∂Dλδ ,ζ∈R
d\{0}
v(ζ)(y)√
B1(y, ζ)
·
√
B1(x, ξ).
Hence,
lim
T↑∞
lim
n↑∞
lim
ǫ↓0
I2(ǫ, n, T ) ≤ sup
y∈∂Dλδ ,ζ∈R
d\{0}
v(ζ)(y)√
B1(y, ζ)
·
√
B1(x, ξ)+N
√
B1(x, ξ).
We conclude that
v(ξ)(x)√
B1(x, ξ)
≤ sup
y∈∂Dλ
δ
,ζ∈Rd\{0}
v(ζ)(y)√
B1(y, ζ)
+N, ∀x ∈ Dλδ , ξ ∈ Rd \ {0}.
Notice that B1(x, ξ) = B1(x,−ξ). Replacing ξ by −ξ, we have
−v(ξ)(x)√
B1(x, ξ)
≤ sup
y∈∂Dλ
δ
,ζ∈Rd\{0}
v(ζ)(y)√
B1(y, ζ)
+N, ∀x ∈ Dλδ , ξ ∈ Rd \ {0},
which implies that
(4.14)
|v(ξ)(x)|√
B1(x, ξ)
≤ sup
y∈∂Dλδ ,ζ∈R
d\{0}
|v(ζ)(y)|√
B1(y, ζ)
+N, ∀x ∈ Dλδ , ξ ∈ Rd \ {0}.
Repeating the argument above in Dλ2 , we have
(4.15)
|v(ξ)(x)|√
B2(x, ξ)
≤ sup
y∈∂Dλ2 ,ζ∈R
d\{0}
|v(ζ)(y)|√
B2(y, ζ)
+N, ∀x ∈ Dλ2 , ξ ∈ Rd\{0}.
The inequalities (4.14) and (4.15) are the same as (3.22) and (3.24) in [12].
So by repeating the argument after (3.24) in [12], we get
v(ξ)(x) ≤ N
(
|ξ|+ |ψ(ξ)(x)|
ψ
1
2 (x)
)
, a.e. in D.
(2.11) is proved. 
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Proof of (2.12). The idea is the same as the first order case. Fix x ∈ Dλδ ,
ξ ∈ Rd \ {0} and sufficiently small positive ǫ0, so that B(x, ǫ0|ξ|) ⊂ Dλδ . For
each α ∈ A, let γα := τˆα
Dλ
δ
(x + ǫξ) ∧ τα
Dλ
δ
(x) ∧ τˆα
Dλ
δ
(x − ǫξ) ∧ καn ∧ T , where
T ∈ [1,∞). We have
− v(x+ ǫξ)− 2v(x) + v(x− ǫξ)
ǫ2
=
1
ǫ2
{
− sup
α∈A
Eαx+ǫξ
[
v(zγ(ǫ))pˆγ(ǫ)e
−φˆγ (ǫ) +
∫ γ
0
(1 + 2ǫrs + ǫ
2rˆs)f
αs(zs(ǫ))pˆs(ǫ)e
−φˆs(ǫ)ds
]
+ 2 sup
α∈A
Eαx
[
v(xγ)pˆγe
−φˆγ +
∫ γ
0
fαs(xs)pˆse
−φˆsds
]
− sup
α∈A
Eαx−ǫξ
[
v(zγ(−ǫ))pˆγ(−ǫ)e−φˆγ(−ǫ)
+
∫ γ
0
(1− 2ǫrs + ǫ2rˆs)fαs(zs(−ǫ))pˆs(−ǫ)e−φˆs(−ǫ)ds
]}
,
in which zα,zt (ǫ) is the solution to the Itoˆ equation (3.11),
φˆα,zt (ǫ) :=
∫ t
0
(1 + 2ǫrαs + ǫ
2rˆαs )c
αs(zα,zs (ǫ))ds,
and
pˆαt (ǫ) := exp
(∫ t
0
(ǫπαs +
ǫ2
2
πˆαs )dws −
1
2
∫ t
0
|ǫπαs +
ǫ
2
πˆαs |2ds
)
.
with α ∈ A, rαs , παs , Pαs , rˆαs , πˆαs , Pˆαs defined in Lemma 4.2.
By intruducing
qˆαt (ǫ) =
∫ t
0
(1 + 2ǫrαs + ǫ
2rˆαs )f
αs(zs(ǫ))pˆs(ǫ)e
−φˆs(ǫ)ds,
z¯α,zt (ǫ) = (z
α,z
t (ǫ),−φˆαt (ǫ), pˆαt (ǫ), qˆαt (ǫ)),
x¯α,xt = (x
α,x
t ,−φˆαt (0), pˆαt (0), qˆαt (0)),
we get
− v(x+ ǫξ)− 2v(x) + v(x− ǫξ)
ǫ2
=
1
ǫ2
(
− sup
α∈A
Eαx+ǫξV (z¯γ(ǫ) + 2 sup
α∈A
EαxV (x¯γ)− sup
α∈A
Eαx−ǫξV (z¯γ(−ǫ)
)
≤ sup
α∈A
−Eαx+ǫξV (z¯γ(ǫ) + 2EαxV (x¯γ)− Eαx−ǫξV (z¯γ(−ǫ)
ǫ2
= sup
α∈A
E
−V (z¯α,x+ǫξγα (ǫ) + 2V (x¯α,xγα )− V (z¯α,x−ǫξγα (−ǫ))
ǫ2
≤ sup
α∈A
E
[−V (z¯α,x+ǫξγα (ǫ) + 2V (x¯α,xγα )− V (z¯α,x−ǫξγα (−ǫ))
ǫ2
+ V(η¯α,0
γα
)(x¯
α,x
γα ) + V(ξ¯α,ξ
γα
)(ξ¯α,ξ
γα
)
(x¯α,xγα )
]
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+ sup
α∈A
E
[
− V(η¯α,0
γα
)(x¯
α,x
γα )− V(ξ¯α,ξ
γα
)(ξ¯α,ξ
γα
)
(x¯α,xγα )
]
:=G1(ǫ, n, T ) +G2(ǫ, n, T ),
where V and ξ¯α,ξt are defined by (4.4) and (4.5), respectively, and
η¯α,ηt := (η
α,η
t , η
d+1,α
t , η
d+2,α
t , η
d+3,α
t ),
with
ηd+1,αt :=−
∫ t
0
c
(ξα,ξs )(ξ
α,ξ
s )
(xα,xs ) + c(ηα,ηs )(x
α,s
s ) + 4r
α
s c(ξα,ξs )
(xα,xs ) + 2rˆ
α
s c(x
α,x
s )ds,
ηd+2,αt :=η
0,α
t =
(∫ t
0
παs dws
)2
−
∫ t
0
|παs |2ds+
∫ t
0
πˆsdws,
ηd+3,αt :=
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,ξs )(ξ
α,ξ
s )
(xα,xs ) + f(ηα,ηs )(x
α,x
s ) + (2ξ
d+1,α
s + 4r
α
s )f
αs
(ξα,ξs )
(xα,xs )
+
(
(ξd+1,αs )
2 + ηd+1,αs + 4r
α
s ξ
d+1,α
s + 2rˆ
α
s
)
fαs(xα,xs )
]
ds.
We first claim that
lim
ǫ↓0
G1(ǫ, n, T ) = 0.
The proof is similar as that of (4.6) with the help of the following two
second-order counterparts.
First, if hα(x) ∈ C2(D¯δ), and the derivatives of hα(x) are uniformly
continuous in α, then for any x, z, z′ ∈ Dδ, ξ, η ∈ Rd, r, rˆ ∈ R and n ∈ N,
we have
hα(z) − 2hα(x) + hα(z′)
ǫ2
=
1
ǫ2
[
hα(z−x)(x) +
1
2
hα(z−x)(z−x)(z
∗) + hα(z′−x)(x) +
1
2
hα(z′−x)(z′−x)(z
∗′)
]
=hα
( z−2x+z
′
ǫ2
)
(x) +
1
2
[
hα
( z−x
ǫ
)( z−x
ǫ
)
(z∗) + hα
( z
′
−x
ǫ
)( z
′
−x
ǫ
)
(z∗′)
]
,
where z∗ and z∗′ are on the line segments xz and xz′, respectively. Hence,
|(1 + 2ǫr + ǫ
2rˆ)hα(z)− 2hα(x) + (1− 2ǫr + ǫ2rˆ)hα(z′)
ǫ2
− (hα(ξ)(ξ)(x) + hα(η)(x) + 4rhα(ξ)(x) + 2rˆhα(x))|
≤|h
α(z) − 2hα(x) + hα(z′)
ǫ2
− (hα(ξ)(ξ)(x) + hα(η)(x))|
+ 2|r||h
α(z)− hα(z′)
ǫ
− 2hα(ξ)(x)|+ |rˆ||hα(z) + hα(z′)− 2hα(x)|
≤|hα
( z−2x+z
′
ǫ2
−η)
(x)|+ 1
2
[
|hα
( z−x
ǫ
)( z−x
ǫ
)
(z∗)− hα(ξ)(ξ)(x)|+ |hα( z′−x
ǫ
)( z
′
−x
ǫ
)
(z∗′)− hα(ξ)(ξ)(x)|
]
+ 2|r|
[
|h
α(z)− hα(x)
ǫ
− hα(ξ)(x)|+ |
hα(z′)− hα(x)
−ǫ − h
α
(ξ)(x)|
]
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+ |rˆ|
[
|hα(z)− hα(x)| + |hα(z′)− hα(x)|
]
.
Second, by noticing that
pˆt(ǫ)− 2pˆt(0) + pˆt(−ǫ)
ǫ2
=
∫ t
0
( pˆs(ǫ)− pˆs(−ǫ)
ǫ
πs +
pˆs(ǫ) + pˆs(−ǫ)
2
πˆs
)
dws,
ηd+2t = η
0
t =
∫ t
0
(2ξ0sπs + πˆx)dws,
we have
Eα sup
t≤γ
| pˆt(ǫ)− 2pˆt(0) + pˆt(−ǫ)
ǫ2
− ηd+2t |p
≤N(p)Eα
(∫ γ
0
( pˆt(ǫ)− pˆt(−ǫ)
ǫ
− 2ξ0t
)2
|πt|2 +
( pˆt(ǫ) + pˆt(−ǫ)
2
− 1
)2
|πˆt|2dt
)p/2
≤N(p)Eα
(
ǫ−p sup
t≤γ
| pˆt(ǫ)− pˆt(−ǫ)
ǫ
− 2ξ0t |2p + ǫ−p sup
t≤γ
| pˆt(ǫ) + pˆt(−ǫ)
2
− 1|2p
+ ǫp
∫ γ
0
|πt|2pdt+ ǫp
∫ γ
0
|πˆt|2pdt
)
≤ǫpN(p)Eα
(∫ γ
0
pˆ2pt (ǫ)|πt +
ǫ
2
πˆt|2pdt+
∫ γ
0
pˆ2pt (−ǫ)|πt +
ǫ
2
πˆt|2pdt
+
∫ γ
0
|πt + ǫ
2
πˆt|2pdt+
∫ γ
0
|πt|2pdt+
∫ γ
0
|πˆt|2pdt
)
.
Therefore,
lim
ǫ↓0
sup
α∈A
Eα sup
t≤γ
| pˆt(ǫ)− 2pˆt(0) + pˆt(−ǫ)
ǫ2
− ηd+2t |p = 0.
In order to estimate G2(ǫ, n, T ), we notice that V(η¯α,0t )
(x¯α,xt )+V(ξ¯α,ξt )(ξ¯
α,ξ
t )
(x¯α,xt )
is exactly Y αt defined by (2.10) in [12], in which u is replaced by v, that is
V
(η¯α,0t )(x¯
α,x
t )
+ V
(ξ¯α,ξt )(ξ¯
α,ξ
t )
(x¯α,xt ) = Y
α
t
:=e−φ
α,x
t
[
v
(ξα,ξt )(ξ
α,ξ
t )
(xα,xt ) + v(ηα,0t )
(xα,xt ) + 2ξ˜
0
t v(ξα,ξt )
(xα,xt ) + η˜
0
t v(x
α,x
t )
]
+
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,xs )(ξ
α,ξ
s )
(xα,xs ) + f
αs
(ηα,0s )
(xα,xs ) +
(
4rαs + 2ξ˜
0
s
)
fαs
(ξα,ξs )
(xα,xs )
+
(
2rˆαs + 4ξ˜
0
sr
α
s + η˜
0
s
)
fαs(xs)
]
ds,
where
η˜0t = η
d+2
t + 2ξ
d+2
t ξ
d+1
t + (ξ
d+1
t )
2 + ηd+1t .
As in the proof of (3.5) in [12], for each α,
E sup
t≤τα,x
Dλ
δ
(
Y αt − e−φ
α,x
t v
(ξα,ξt )(ξ
α,ξ
t )
(xα,xt )
)
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=e−φ
α,x
t
[
v(ηα,0t )
(xα,xt ) + 2ξ˜
0
t v(ξα,ξt )
(xα,xt ) + η˜
0
t v(x
α,x
t )
]
+
∫ t
0
e−φ
α,x
s
[
fαs
(ξα,xs )(ξ
α,ξ
s )
(xα,xs ) + f
αs
(ηα,0s )
(xα,xs ) +
(
4rαs + 2ξ˜
0
s
)
fαs
(ξα,ξs )
(xα,xs )
+
(
2rˆαs + 4ξ˜
0
sr
α
s + η˜
0
s
)
fαs(xs)
]
ds
≤N
(
|g|0,D + |fα|2,D + sup
x∈∂Dλδ ,|ζ|=1
|v(ζ)(x)|
)
·
(
E sup
t≤τα,x
Dλ
δ
|ηt|+ E sup
t≤τα,x
Dλ
δ
|ξt|2 +E sup
t≤τα,x
Dλ
δ
|ξ0t |2 + E sup
t≤τα,x
Dλ
δ
e−
1
2
t|ξd+1t |2
+ E sup
t≤τα,x
Dλ
δ
e−
1
2
t|ηd+1t |+ E
∫ τα,x
Dλ
δ
0
r2s + rˆsds
)
where N is independent of α. Repeat the estimates (3.30)-(3.35) in [12], we
have
E sup
t≤τα,x
Dλ
δ
(
Y αt − e−φ
α,x
t v
(ξα,ξt )(ξ
α,ξ
t )
(xα,xt )
) ≤ N1B1(x, ξ),
with
N1 = N
(
|g|2,D + sup
α
|fα|2,D + sup
x∈∂Dλ
δ
,|ζ|=1
|v(ζ)(x)|
)
,
where N is independent of α. Hence
G2(ǫ, T ) ≤ sup
α∈A
E
(
− e−φα,xt v
(ξα,ξt )(ξ
α,ξ
t )
(xα,xt )
)
+N1B1(x, ξ).
By mimicking the argument in the proof of (2.11), we have
lim
T↑∞
lim
ǫ↓0
sup
α∈A
E
(
−e−φα,xt v
(ξα,ξt )(ξ
α,ξ
t )
(xα,xt )
)
≤
(
sup
y∈∂Dλδ ,ζ∈R
d\{0}
(−v)(ζ)(ζ)(y)+
B1(x, ζ)
+3
)
B1(x, ξ),
where
(−v)(ζ)(ζ)(y)+ = (−v)(ζ)(ζ)(y) ∨ 0.
So we conclude that
lim
T↑∞
lim
ǫ↓0
G2(ǫ, T ) ≤ sup
y∈∂Dλ
δ
,ζ∈Rd\{0}
(−v)(ζ)(ζ)(y)+
B1(y, ζ)
· B1(x, ξ) +N1B1(x, ξ),
which implies that
(4.16)
(−v)(ξ)(ξ)(x)+
B1(x, ξ)
≤ sup
y∈∂Dλδ ,ζ∈R
d\{0}
(−v)(ζ)(ζ)(y)+
B1(y, ζ)
+N1, ∀x ∈ Dλδ , ξ ∈ Rd \ {0}.
Repeating the argument above for Dλ2 , we have
(4.17)
(−v)(ξ)(ξ)(x)+
B1(x, ξ)
≤ sup
y∈∂D
λ2
,ζ∈Rd\{0}
(−v)(ζ)(ζ)(y)+
B1(y, ζ)
+N1, ∀x ∈ Dλ2 , ξ ∈ Rd\{0}.
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Since (4.16) and (4.17) are similar as (3.36) and (3.38) in [12], by repeating
the argument after (3.38) in [12], we get
(−v)(ξ)(ξ)(x)+ ≤ N
(
|ξ|2 +
ψ2(ξ)(x)
ψ(x)
)
, a.e. in D.
The inequality (2.12) is proved. 
Proof of (2.13). Fix an x ∈ D. For simplicity of notation we will drop the
argument x through the proof below.
From (2.12) we have
v(ξ)(ξ) +N
(
|ξ|2 +
ψ2(ξ)
ψ
)
≥ 0,∀ξ ∈ Rd.
It follows that
v(ξ)(ξ) +
N
ψ
|ξ|2 ≥ 0,∀ξ ∈ Rd.
Let
V = vxx + (
N
ψ
+ 1)I,
where I is the identity matrix of size d× d.
Then we have (
V ξ, ξ
) ≥ |ξ|2 > 0,∀ξ ∈ Rd \ {0}.
Fix a ξ ∈ Rd such that µ(ξ) > 0. Introduce
κ =
√
V ξ, θ = |κ|−2κ, ζ =
√
V θ.
Then
tr(aαV ) = tr(
√
V aα
√
V )
≥ |θ|−2(
√
V aα
√
V θ, θ) = |κ|2(aαζ, ζ) = (V ξ, ξ)(aαζ, ζ).
Taking the supremum and noticing that (ξ, ζ) = (κ, θ) = 1, we get
sup
α∈A
tr(aαV ) ≥ (V ξ, ξ) sup
α∈A
(aαζ, ζ) ≥ (V ξ, ξ)µ(ξ).
It follows that
v(ξ)(ξ) ≤ (V ξ, ξ) ≤ µ−1(ξ) sup
α∈A
tr(aαV )
≤ µ−1(ξ)
[
sup
α∈A
tr(aαvxx) +
N
ψ
sup
α∈A
tr(aα)
]
.
Notice that
µ(ξ) = |ξ|−2µ(ξ/|ξ|),
so it remains to estimate supα∈A tr(a
αvxx) from above. The equation
sup
α∈A
[
Lαv − cαv + fα] = 0
implies that
Lαv − cαv + fα ≤ 0,∀α ∈ A.
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Thus
tr(aαvxx) = (a
α)ijvxixj ≤ |(bα)i|0,D|vxi |0,D + |cα|0,D|v|0,D + |fα|0,D ≤ K.

Proof of the existence and uniqueness of (2.14). The fact that v given by
(2.3) and (2.4) satisfies (2.14) follows from Theorem 1.3 in [5].
To proof the uniqueness, assume that v1, v2 ∈ C1,1loc (D) ∩ C0,1(D¯) are
solutions of (2.14). Let Λ = |v1|0,D∨|v2|0,D. For constants δ and ε satisfying
0 < δ < ε < 1, define
Ψ(x, t) = ε(1 + ψ(x))Λe−δt, V (x, t) = v(x)e−εt in D¯ × (0,∞),
F [V ] = sup
α∈A
(Vt + L
αV − cαV + fα) in D × (0,∞).
Notice that a.e. in D, we have
F [V1−Ψ] ≥ −εe−εtv1+δΨ−εΛe−δt sup
α
Lαψ+inf
α
cαΨ ≥ εΛ(e−δt−e−εt) ≥ 0,
F [V2+Ψ] ≤ εe−εtv2− δΨ+ εΛe−δt sup
α
Lαψ− inf
α
cαΨ ≤ εΛ(e−εt− e−δt) ≤ 0.
On ∂D × (0,∞), we have
V1 − V2 − 2Ψ = −2Ψ ≤ 0.
On D¯ × T , where T = T (ε, δ) is a sufficiently large constant, we have
V1 − V2 − 2Ψ = (v1 − v2)e−εT − 2ε(1 + ψ)Λe−δT ≤ 2Λ(e−εT − εe−δT ) ≤ 0.
Applying Theorem 1.1 in [2], we get
V1 − V2 − 2Ψ ≤ 0 a.e. in D¯ × (0, T ).
It follows that
v1 − v2 ≤ 2ε(1 + ψ)Λe→ 0, as ε→ 0, a.e. in D.
Similarly, v2 − v1 ≤ 0 a.e. in D. The uniqueness is proved.

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